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Abstract
In the world line representation of the fermionic effective action
for QCD the interaction between Fermions and the gauge field is con-
tained in the fermionic Wilson loop, namely the Wilson loop for a spin-
half particle. It is argued that a string representation of the fermionic
Wilson loop can provide a link connecting QCD with a dual descrip-
tion of a meson as a quark and an antiquark connected by a string.
This is illustrated by obtaining such a representation in compact U(1)
gauge theories. The resulting description contains information about
the interaction of the spin of the quark with the world sheet degrees
of freedom. Such interactions may be of importance in the realization
of chiral symmetry in the string picture of QCD, and for delineating
the possible presence of a world sheet supersymmetry in QCD strings.
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1 Introduction
A very intuitive explanation of the observed connement of quarks in hadrons
is provided by the idea that hadrons are made of quarks which are connected
by strings [1, 2]. Two approximations to QCD that suggest such a string
picture of hadrons are the large N expansion [3, 4], where N is the number
of colors carried by the quarks, and the strong coupling expansion in the lat-
tice regularization of QCD [5, 6, 7]. If we combine the insight from these two
approximations then a very attractive and a plausible model of a meson as a
quark and an antiquark connected by an elementary string is suggested. Such
a description of QCD seems to imply that strings with quarks as endpoints
are the dual variables to gluons and quarks. Assuming that such a duality
does exist then the non-perturbative phenomena of QCD, like connement
and chiral symmetry breaking, should map into simple, calculable, perturba-
tive phenomena of the dual theory. On the same account, phenomena that
have a simple perturbative description in QCD, like deep inelastic scattering
and the asymptotic freedom, could appear as non-perturbative phenomenon
in the dual description. Thus, one can hope that QCD together with its
dual description in terms of strings will allows us to obtain a qualitative
and, an approximate, quantitative description of all the features of strong
interactions. Unfortunately, a quantitative transcription of this desired du-
ality has remained elusive. The problems involved have been reviewed by
Polchinski [10], and their possible resolution in view of the recent theoretical
developments have been summarized by Polyakov [11, 12, 13].
Most investigations of a string description of QCD do not include the
quark degrees of freedom. There are, of course, very good reasons for this
neglect of fermionic degrees of freedom: We are far from obtaining a string
representation for pure QCD and the addition of fermionic degrees of freedom
may make an already intractable problem even more dicult. Also, one
of the salient features of QCD which is captured by the strings, namely,
connement, can be studied without introducing any fermionic degrees of
freedom via the string representation of Wilson loop [5].
Yet, as has been emphasized in ref. [10], some of the most detailed evi-
dence we have for the string picture of hadrons comes from combining the
ideas of dual resonance models with chiral symmetry [14, 15] and one cannot
talk meaningfully about chiral symmetry without introducing quark degrees
of freedom. Thus, it is a possibility that the inclusion of fermionic degrees
of freedom may facilitate rather than hinder the task of obtaining a string
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description of hadrons. More specically, useful clues in developing a string
representation for mesons might be obtained by considering the nature of
pion and rho [10]. One would like to known, how does a string represen-
tation of mesons distinguish between a pion, which is a pseudo-scalar, ap-
proximate Nambu-Goldstone boson, and a rho which is a massive spin one
particle [16, 17].
The simplest implementation of the string picture of mesons would be to
consider models of strings whose end points carry spin and flavor quantum
numbers of a quark. While it is known how to assign flavor quantum number
to the end point of a string via Chan-Paton factors, there does not seem to
be any simple manner in which spin degrees of freedom can be assigned to
the end-points of an open string [18, 19]. Alternatively, one could explore a
model in which quarks are described as a point particle on which an open
string terminates. This description essentially appears in the strong coupling
expansion, whether one calculates the expectation value of a Wilson loop or
when one tries to diagonalize the lattice QCD Hamiltonian in the strong
coupling approximation [8, 9]. The Wilson loop can be interpreted as the
phase factor associated with the closed world line of a scalar test particle in
the presence of an external gauge eld [5, 20]. This suggests that one way of
introducing the quark degrees of freedom in the string description of QCD
is to look for a string representation of the fermionic Wilson loop (FWL),
namely the phase factor associated with a closed world line of a spin-half
particle in the presence of an external gauge eld.
One can construct a fermionic Wilson loop starting directly with the La-
grangian of a spin-half particle [21, 22, 23, 24], an application of such an
approach for studying studying chiral anomalies can be found in [27, 28].
This approach has many advantages, the symmetries are transparent and
one can introduce flavor quantum numbers of the spin-half particle under
consideration. The FWL also appears naturally in the world line formalism
of the fermionic Eective action [29, 30], and it is this approach that will be
used in the present preliminary investigation. The advantage of the latter
approach is, as we will see in the next section, that it allows us to express,
in the large N-limit, all the mesonic Green’s functions in terms of the expec-
tation value of the FWL. From the world line point of view this approach
gives us directly the appropriate vertex function for a pion or a rho.
Independent of our motivation of introducing quark degrees of freedom
in the string description of meson, it has been suggested in ref. [11] that even
for obtaining the string representation of pure QCD the appropriate object
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is not the Wilson loop but the fermionic Wilson loop1.
Writing the mesonic propagators in terms of FWL leads us to the heart
of the problem: How to convert the expectation value of a FWL over the
gauge elds into a sum over surfaces whose boundary is the loop under con-
sideration. In spite of much progress made in the case of supersymmetric
Yang-Mill theories [32, 33], this problem remain unsolved for QCD. Still one
can get some useful intuition by considering a string representation of theo-
ries where the mechanism of connement is well understood. In this paper
we will use Polyakov’s analysis of the string representation of Wilson loops in
compact U(1) gauge theory as our starting point [26]. The string represen-
tation of Wilson loops in compact U(1) gauge theories can be be extended
to the FWL, and as discussed in section 3, it does lead to a representation
for \mesons" in which the string ends on the word line of quarks. Further,
we will see in such a representation there is an interaction between the spin
degrees of freedom and the string world sheet mediated by a Kalb-Ramond
eld [34].
In the last section of the paper we will discuss what can be abstracted from
the present analysis of FWL in compact U(1) gauge theories to the case of
interest which is QCD in the large N-limit. We will also outline the course of a
future investigation of the question as to how the chiral symmetry is realized
in a string representation and of the possibly related question of the existence
of some form of world sheet supersymmetry for QCD strings [11, 35].
2 Mesons and the Fermionic Wilson Loop
Consider the Euclidean partition function of an SU(N) gauge theory in the
presence of an external source with the quantum numbers of a meson, say, a
pion, and with quarks in the fundamental representation,
Z[J ] =
∫








TrFµνFµν +  ( 6P− 6A− Jγ5) )
}
(1)
Fµν is the eld strength tensor for the SU(N) gauge theory,  is the quark
eld, with flavor and color indices suppressed, P = −i@, A is the matrix
valued gauge eld, J is an external classical source, and the Feynman slash
1In refs. [11, 29] the fermionic Wilson loop is referred to as the SuperWilson loop,
we have chosen to call it the fermionic Wilson loop in order to distinguish it from the
generalization of the Wilson loop to supersymmetric gauge theories [31].
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notation has been used. Fermionic degrees of freedom can be formally inte-












exp f−W [A; J ]g ; (2)
−W [A; J ] = Tr ln[6P− 6A− Jγ5]: (3)
Thus Z[J ] can be written as a functional integral over gauge elds alone
Z[J ] = Z[0] < expf−W [A; J ]g >A; (4)












 expf−W [A; J ]g: (5)
We remind ourselves of an important simplication that takes place in the
large N limit [36, 37], namely
< expf−W [A; J ]g >A= expf−W [Am; J ]g (6)



















(−W [Am; J ]) (7)
This is of course the restatement of the familiar property of the large N
QCD [4], that the dominant diagrams are those with only a single quark
loop which forms the boundary of the diagram.
The fermionic eective action, W [A; J ], has a natural representation in
terms of a world line path-integral of a Fermion2. In what follows we will
make use of the world line representation forW [J;A] as developed by D’Hoker
and Gagne [30]. First we note that one loop diagrams involving even power
of γ5 are generated by the real part of the fermionic eective action while the
diagrams involving the odd powers of γ5 are generated by the imaginary part
2The world line formalism has been reviewed in [38], where additional references can
be found (see also [30] and references there in).
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of the fermionic eective action [39] . Thus it is both natural and convenient
to consider separately the world line representation of the real and the imag-
inary part of W [A; J ]. The amplitude in which we are interested, namely the
pion propagator, involves two insertions of γ5, and thus is generated by the
real part of the fermionic eective action which has the following world line
representation













































with  parametrizing the closed curve C, E is positive constant which can be
though of as a constant einbein in the proper time gauge. In what follows we
will work in the proper time gauge and scale the parameter  so that E equals
to identity. In Eq. (8) the trace over the gamma matrices has been replaced
by path integral over anti-commuting variables,  A, and Trc is the trace over
color degrees of freedom. The index A run over values one to six. When
A takes values from 1 to 4 then it is denoted by  µ. The world line anti-
commutating variables  A are related to the six gamma matrices introduced
by Mehta [40]. For a detailed derivation of the path-integral representation
of the fermionic eective action, Eq. (8), the reader is referred to ref. [30].
The interaction between spin-half particle and the gauge eld Aµ is con-
tained in the FWL, Eq. (9). The FWL is distinguished from the Wilson
loop,





d _x  A
}
; (10)
by the presence of the additional term  µFµν ν and is related to it via the










W [C] = W[C]: (11)
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From the above discussion we see that to obtain the desired string repre-
sentation for mesons we need to express the expectation value of the FWL
over the gauge eldsas a sum over surfaces whose boundary is the loop C.
It is interesting to note that FWL can be written in terms of a super-
eld [23, 28, 29]
Xµ(; ) = xµ() +  µ(); (12)
where  is the anti-commuting coordinate which together with  parametrizes














where the gauge eld is function of the supereld,
Aµ[X] = Aµ (xµ() +  µ())
= Aµ[x()] +  ν()@νAµ[x()]: (15)
The FWL is invariant under following local supersymmetric transformation
xµ = () µ;
 µ = −() _xµ; (16)
where  is an arbitrary innitesimal Grassmann variable. The reparametriza-
tion invariance and the supersymmetry of the FWL have been studied in
ref. [29]. These symmetries hint that corresponding string representation for
the expectation value of the FWL may have a world sheet supersymmetry,
and the world sheet supersymmetry should reduce to the world line super-
symmetry on the boundary. We will comment further on this possibility in
the last section of the paper.
3 String Representation of Fermionic Wilson
Loop in Compact U(1) Gauge Theories
In order to understand what additional information is contained in a string
representation of the FWL, but not knowing the string representation for
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QCD, we look for a tractable mode as an alternative. Compact U(1) in
four dimensions, with an ultra-violet cuto, is a conning theory [7, 41]. A
string representation for this model was derived in ref. [26], and thanks to
the simple relation between the Wilson loop and the FWL, Eq. (11), we will
be able to use this result to obtain a string representation for the FWL.
We rst summarize the results of ref. [26]. The expectation value of the
Wilson loop, < W [A;C] >A, in a compact U(1) gauge theory can be written
as a sum over surfaces, c, binding the curve C,
< W [A ;C] >A=
∑
Σc
exp f−Scs[c]g : (17)
The conning string action, Scs[c], is given in terms of Kalb-Ramond eld,
Bµν , and can be written for large Wilson loops as























(@µBνα + @νBαµ + @αBµν)
2 : (20)
The antisymmetric tensor eld Bµν describes both the \photons" and the
magnetic monopoles which are present in compact U(1) gauge theories,  is
an ultra-violet cuto. The continuum limit of the conning string has been
investigated in ref. [42, 43].
Since the eld Bµν appears quadratically in Eq. (18) it can be integrated






2G(x− y)Tµν(y) + 2e2@νTµνG(x− y)@αTµα
}
(21)














and G(x− y) is the Yukawa Green’s function [42].
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The non-local string action can be approximated by a local action by
expanding Yukawa Green’s function in inverse powers of the mass of the


























c1, c2 and c3 are dimensionless constants depending on the regularization of




Now we are in the position to obtain the string representation for the
FWL. Applying the relation ship between the Wilson loop and the FWL as
given by Eq. (11) to the Eq. (18), lead to:















where the action for the Kalb-Ramond eld, SKR[B], is given by Eq. (18). As
an independent check, in the appendix we outline a derivation of the above
representation, for the case of three dimensional compact U(1) gauge theory,
that does not use Eq. (11).
The string representation of the FWL is distinguished by an additional
boundary term involving the interaction between the spin degrees of freedom
and the Kalb-Ramond eld. Again, as in the case of the Wilson loop, we can
integrate out the Kalb-Ramond eld to obtain a non-local string action for
the FWL,
S[C ; C] =
∫
x,y




d(x− y()) µ() ν(); (26)
where Dµν,λρ(x−y) is the propagator for the Kalb-Ramond eld. Expanding
the above action, and substituting the expressions for Tµν and Sµν leads to














d1d2 µ(1) ν(1)Dµν,λρ(x(1)− y(2)) λ(2) ρ(2): (27)
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The rst term in the above equation is the non-local form of the conning
string action for the Wilson loop. The next two terms are specic to the
FWL. The last term is purely a boundary term involving only Fermions. A
similar term would appear even in a theory which has no strings, for e.g
QED [44].
Of particular interest is the second term of Eq. (27). It represents a
non-local interaction between the Fermion at the boundary and the string
world sheet. To make the nature of this interaction more transparent, we
approximate the above non-local action by a local action using the derivative
expansion for the propagator. Keeping only the leading terms,this leads to
Sc∫ [C ; C] = Scs[c] + c42
∮
C
d µ() ν()tµν(); (28)
where Scs[c] is the action for the conning string for the Wilson loop,
Eq. (24), and tµν() is the value of the area element density at the boundary
of the surface. The leading eect of spin-string interaction is to correlate the
spin of the \quark" with the area-element of the world sheet at the boundary.
Since the world sheet in our model has no fermionic degrees of freedom, the
spin-string interaction at the boundary breaks the world line supersymmetry
of the FWL 3. Our real interest of course is in the spin-string interaction for
QCD. Even though we do not know the QCD string action, it is reasonable
to expect that a term similar to the one we have delineated above should be
present (though the nature and the number of world sheet degrees of freedom
has to be dierent from those in the conning strings of the compact U(1)
gauge theories [10]). Specically, in the string representation of the FWL in
QCD the quark-string interaction should take place on the boundary. If the
interaction between quark degrees of freedom and the world sheet variables is
conned to the boundary, we are lead again to the question that was raised in
the introduction, namely, how does the string communicate the relative spin
orientation that distinguishes a pion from a rho. For a boundary interaction
at the one end of an open string to influence the interaction at the other
end would require a long distance correlation between the string variables
on the world sheet. One would expect such a correlation to correspond to a
massless mode in the interior theory. It is tempting to identify such a mass-
less mode with a Nambu-Goldstone boson, this would be merely a tautology
except that it would imply that the two ways of looking at the pion-rho mass
3I would like to thank V. P. Nair for suggesting me to check this possibility.
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dierence, one as the consequence of a hyperne splitting, and other as the
result of the spontaneous breaking of chiral symmetry are related to each
other in the string representation of QCD.
4 Discussion
Two points emerge from the previous sections that are independent of the
model considered. Firstly, the FWL allows us to introduce the required quark
degrees of freedom in the string representation of QCD. Secondly, the string
representation of mesons via the FWL contains useful information about how
the spin degrees of freedom of a quark and an antiquark interacts with the
string that connects them.
One of the motivation for studying the FWL is that its string represen-
tation might shed some light on how chiral symmetry is realized in the dual
picture of QCD. The FWL highlights one issue regarding chiral symmetry
breaking. If the right way of introducing quarks in the string representation
of QCD is indeed via the FWL then the dynamics responsible for chiral sym-
metry breaking must be located on the boundary of the string world sheet
and not in the interior. As noted at the end of the last section such a mech-
anism also seems to suggest an intimate relationship between the spin-spin
interaction, or the hyperne splitting, in mesons and the existence of the
Nambu-Goldstone bosons.
The string representation of the FWL and the resulting spin-string in-
teraction should be of even more importance if the (unknown) QCD string
action has some form of world sheet supersymmetry. An evidence for the
world sheet supersymmetry emerges from the work of ref. [35], where it is
shown that the string representation for QCD in two dimensions in the large
N limit, the t’ Hooft model, has a rigid supersymmetry. Thus the t’ Hooft
model model oers an interesting laboratory for calculating and understand-
ing the dynamics of the FWL. It is also a good place to test whether one can
use the string representation of the FWL to calculate the spectrum of the
theory. I hope to carry out these investigations in the near future.
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Appendix
The aim of this appendix is to outline the derivation of the string represen-
tation the fermionic Wilson loop in three dimensional compact U(1) gauge
theory. The calculation is essentially a repetition of the calculation for the
Wilson loop in ref. [26] (see also ref. [45] for some of the details of the Wilson
loop calculation.) The expectation value of the fermionic Wilson loop can
be written as
<W[C] >=<W >o<W >m (29)













and the second factor, < W >m, is the contribution from the magnetic
monopoles. fermionic Wilson loop, W, is given by Eq. (9). A monopole
located at point x gives following contribution to fermionic Wilson loop,

























jx− y()j ; (33)
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where Sm is the action for a single magnetic monopole. Summing over all
monopoles in the dilute gas approximation [7, 41] leads to












[x;C] + [x;C]))]g (34)
where m2 = exp (− const
e2





DBD expf−Γ[B; ; C ; C]g; (35)















d µ() ν()Bµν(): (36)
Since the integration over eld Bµν is Gaussian we solve for the eld B
c
µν













(x− y())dµν = −µνλ@λ(x)− fµν(x); (38)
where,






jx− yj ; (40)




d(x− y()) µ() ν() = −µνλ@λ(x)− f sµν(x); (41)
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where,












































We notice that Acµ solves the integrand of the Gaussian integral, and that
Bcµν has contribution both from magnetic monopoles and from the gauge
eld. Thus the functional integral over Bµν reduces WF [C], Eq. (35), to the
product <W >o<W >m, once we identify the eld ’ = + η2 −  .
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